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Abstract. We give new lower asymptotical estimate of constant 

{\\tn ||c{T) 
- — : tn are real trigonometric polynomials, degt„ < n 

as n — » oo. This estimate improves known bound of L.V.Taykov (1965). 



Suppose e(i) — exp(27rit), c{t) = cos(27rf), s{t) = sin(27rt). We consider an extremum problem about behavior 
of the best constant as rt ^ oo in the inequation between C and L norms for real trigonometric polynomials 
tnix) = Y.v&M<ntn{v)e{vx): 

C -SUD^ 
o„ — sup II II , 

where 

,1/2 

\\tn\\c = max |t„(x)|, IKnlli^ / \tn{x)\dx. 

kl<l/2 J-l/2 

Exact value of the constant Cn is unknown for all n > 3 [1] (Ci — \, C2 = 2,12532 . . .). S.B. Stechkin (see 
[1, 2]) proved that C„ = c-n^o{n) as n — > 00 (c > 0). L.V. Taykov [2] improved this result. He found following 
bounds for C„: 

2 4G 

(1,07995 ...)n + 0(1) = -j^ — n + 0(1) < C„ < — n + 0(1) = (1,16624 . . .) n + 0(1), (1) 

svatdt/t TT 

where G — J2'kLoi^^)'^i'^^^^)^^ = 0,91596 ... is Katalan's constant. The lower bound of this result is obtained 
for polynomials of Rogozinsky [3] 

i?„(x) = J2 e(z.a;) = si^HnxMx) - ci^))''. (2) 

In this work we show new polynomials for improvement the lower bound in (|l|). By ~ fc/2 — 1/4 (k G 
Z) denote zeros of function c(t); 1/2 < zi < 1 < 22 < 3/2, 



{qf - z^){ql - z'^){ql - z^) 
Consider an even function 



^(^) - _ !2V.2 '2^^„2 U^k[z)^{ql-Z^Mz) (fc = 1,2,3). 



Lp{x) = y^cjfc(gfc)q-fc(a 



fc=i 

such that (Jk{x) — [t^ / qk)s{qk{^ — \x\)) for < 1 and (Jk{x) = for \x\ > 1. 

Fourier transform ^^(z) = Jjj (Tfe(a;)e(— za;) da; equals to c{z){q^ — z^)^^. Therefore Fourier transform of the 
function ip equals to 

c(z) 

^(z) = ^Wfe(gfe) ^ _ ^ = uj{z)c{z). 



Suppose 



\v\<n 
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Using Poisson summation formula J^^ezfi'^ ~ ^) ~ Si^gz /(^)^(^-^) ^'^^ ^^'^ function f{x) — (p{x/n) (since 
ip{z) = 0{z-^) {\z\ oo), ip{x) = {\x\ > 1)) and identity 



E 



1 (7r/a)s(a) 
— (z + ly)^ c(z) — c{a) ' 



we get a following expression for polynomial Fn 



Fn{x) — n (p{nx + nv) — c{nx) 



{Tr/qk)ujk{qk)s{^) 



!^eZ fc=l ^ ' ^ n ' 

Theorem. ||F„||c/I|K||l > p(a,/?) n + O(n-i), iw/iere 



(3) 



p(zi,Z2) = ^(0) 



91 rl^ 

92 



The function p(zi,Z2) can be expressed by an integral sine. Using necessary conditions of extreme, we 
maximize this function on 1/2 < zi < 1 < Z2 < 3/2 and obtain new asymptotic lower bound for the constant C„. 

Corollary. C„ > (1.08176 ...)n + 0{n-^), zl = 0,72096 z^ = 1,23305 . . . 

Remark 1. For zi = q2, Z2 = 93 polynomials Fn coincide with polynomials of Rogozinsky {accurate to a 
coefficient Air) Fn{x) = 47r_R„(a;) and p{q2,qz) = 2{J^ sintdt/t)~^; this fact give Taykov's lower bound. 

Proof. Since (p{z) = 0(z^^) as \z\ 00, it follows that « X)iyez\{o} ^("■•^ + "'^) ^ 0{n^^) uniformly for 
1 2; I < 1/2. Therefore from (0) we have 



|i^n||c= max 

\x\<l/2 



', (p{7ix + nv) 



max |ni^(z)| + 0{n ^) > ni^(O) + 0(n 

\z\<n/2 



Now we estimate 1 1 i^i 1 1 l . We have 

"1/2 
'-1/ 



/•1/2 _ /•1/2 

FtiWl = / ny^'f{nx + niy) dx — \n0{nx)\ dx + 0{n^^) 



n/2 



n/2 



\ip{z)\dz + 0{n-^) < / \ip{z)\dz + 0{n-'^) 



m 



Therefore ||F„||c/||F„|U> 

jjj|(^(z)|dz 

We calculate J^\(f{z)\dz. Suppose 



n + 0(7i"i). 



E+ - [0,zi] U [22,94] U (Ur=2 [92^+1,92^+2]), = {zi,Z2) U (Ur^2(92fc,92fe+i)). 

Then = U and (p{z) > for z e (p{z) < for z G if is even function. Hence we obtain 



(p{z)\dz^2 |^(z)|dz = 2 / +/ 



E 



Z2 °° /•/c+1/4 
^1 fe=2-^fe-l/4 



if{z) dz 



= (^(0) - 4 / ^(z) rfz - 



/'Z2 ^ /'J^/'i 

if{z)dz^ip{Q)-4: (p{z)dz-A^ (p{z^k)dz 



A:— — cxD 

1/4 



= V3(0)-4/ ip{z)dz-A I ip{0) dz + A{ I +1 +1 ]fi{z)dz = 



1/4 



-3/4 /.5/4 



91 /""Ja 



(^(z) dz. 

In these calculations we use parity X]fc°=-oo + k) = ip{0); it following from Poisson summation formula 

+ J^) = X^iyez ^'^'^ '/'('^) — fo'" 1^1 — 1- Theorem is proved. 
Remark 2. It is possible to improve new lower bound of the constant c, but it demands large calculations 
{these calculations are not included in this short article). 

All computer calculations are obtained by mathematical package Maple. 
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